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Abstract
For the Lorentz gauge the influence of various Gribov gauge copies on the fermion propagator
is investigated in quenched compact lattice QED. Within the Coulomb phase besides double
Dirac sheets the zero-momentum modes of the gauge elds are shown to cause the propagator
to deviate strongly from the perturbatively expected behaviour. The standard way to extract
the fermion mass fails. The recently proposed zero-momentum Lorentz gauge is demonstrated
to cure the problem.
1 Introduction
Lattice gauge theories allow to compute most of the relevant observables without any gauge
xing. Nevertheless, computations of gauge dependent objects, e.g. gauge or fermion correla-
tors, can give us more detailed information about nonperturbative properties of quantum elds
and allow a direct comparison with the perturbation theory in the continuum.
However, it is well known that gauge xing, in particular the Lorentz (or Landau) gauge,
leads to the occurence of gauge or Gribov copies [1]. For QED this happens even in the
continuum, as long as the theory is dened with toroidal boundary conditions [2].
In this paper we are going to consider compact U(1) lattice gauge theory with Wilson
fermions [3] in the quenched approximation (qQED). In the weak coupling region, i.e. within the
Coulomb phase, it describes massless photons (weakly) interacting with fermions. Full lattice
QED is expected to reproduce continuum perturbative QED, which has been experimentally
proven with greatest precision.
The standard iterative way to x the Lorentz gauge for compact U(1) lattice gauge theory
has been shown to lead to serious Gribov copy eects [4, 5, 6, 7]. As a consequence the transverse
non-zero momentum photon correlator does not reproduce the perturbatively expected zero-
mass behaviour. For the fermion correlator a strong dependence on the achieved gauge copies
has been reported, too [5]. The standard fermion mass determination becomes badly dened.
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Careful numerical [6, 7, 8, 9] and analytical [10, 11] studies have shown that the main gauge
eld excitations responsible for the occurence of disturbing gauge copies are double Dirac sheets
(DDS) and zero-momentum modes (ZMM).
For the aim of achieving a better agreement between numerical lattice results and lattice
perturbation theory, the Lorentz gauge xing procedure was coupled with additional gauge
xing conditions. The authors of [5] proposed to employ a unique initial gauge realized by
the "maximal tree" axial gauge condition. In [6] a non-periodic gauge determined from spatial
Polyakov loop averages was proposed to suppress unwanted DDS. It turned out that a gauge
which allows to suppress DDS is sucient to produce a correct non-zero momentum photon
correlator perfectly compatible with a vanishing photon mass. However, in this way the Gribov
problem is not yet solved, because the removal of DDS does not automatically lead to the global
extremum of the Lorentz gauge functional. As we have seen recently [8], the above mentioned
axial gauge even fails to remove DDS. In the same paper we have shown that in order to
solve the Gribov problem the ZMM of the gauge elds have to be necessarily suppressed,
too. An alternating combination of the Lorentz gauge xing steps with non-periodic gauge
transformations suppressing ZMM provides a practical solution of the problem.
In the present paper, we are mainly studying the influence of the ZMM on the fermion
correlator when applying the Lorentz gauge. The aim is to check whether the results of [6, 7,
8, 9, 10, 11] apply to the fermion correlator, too. DDS will be removed from the beginning
in order to concentrate on the eect of the ZMM. We shall demonstrate that only the correct
account of the ZMM will allow us to determine the fermion mass properly.
The outline of our paper is as follows. In Section 2 we introduce our notations in particular
for the fermion propagator. For the latter we provide the analytical representation in a xed
constant gauge eld background. Section 3 presents the details of the gauge xing procedures
employed. In Section 4 Monte Carlo results for the fermion correlator obtained with dierent
Lorentz gauge xing procedures are compared with the zero-momentum mode approximation
of the correlator, for which only the constant background gauge eld modes are taken into
account. The conclusions are drawn in Section 5.
2 The Fermion Correlator
We consider 4d compact U(1) gauge theory on a nite lattice with size V = N3s  Nt. The




(1− cos x,µν) : (2.1)
x,µν = x,µ + x+µˆ,ν − x+νˆ,µ − x,ν is the plaquette angle with x,µ 2 (−; ] denoting the link
gauge eld variable,  = 1=e20 is the inverse coupling. The lattice spacing is put a = 1.















iθx,µ(1− γµ) x+µˆ +  x+µˆe−iθx,µ(1 + γµ) x
}
;
 x denoting the fermion eld, γµ the Hermitian Dirac matrices.
For the gauge and the fermion eld we apply periodic boundary conditions (b.c.) except for
the fermion eld in the imaginary time direction x4, where we prefer to use anti-periodic ones.
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We are going to study the fermion correlator for given gauge elds x,µ







M−1~x,x4;~y,y4(); y4 = x4 + : (2.3)
For simplicity, we restrict ourselves to the scalar and vector parts of the fermion correlator,
respectively
ΓS( ; ) =
1
4
Re Tr (Γ( ; )) ;
ΓV ( ; ) =
1
4
Re Tr (γ4Γ( ; )) ; (2.4)
where the trace is taken with respect to the spinor indices. For anti-periodic b.c. in x4 the
vector (scalar) part becomes an even (odd) function in  around  = Nt=2 , for periodic b.c.
vice versa.
In qQED the above correlator has to be averaged with respect to the gauge eld x,µ
with the weight exp(−SG) . Lateron, we shall compare the quantum average h Γ iθ with
the zero-momentum mode approximation where only background gauge elds being constant
in space-time are taken into account. Therefore, we construct analytically the correlator for a
(uniform) gauge conguration given by
x,µ  µ; − < µ  ;  = 1;    ; 4: (2.5)




1 + E2 − 2E(1 +M)
1− E2  (2.6)
 [E
τ − E2Nt−τ ] cos(4)− c[ENt+τ − ENt−τ ] cos[4(Nt − )]
1 + E2Nt − 2cENt cos(4Nt) ;
ΓV ( ;) =
1− τ,0
2(1 +M)  (2.7)
 [E
τ + E2Nt−τ ] cos(4)− c[ENt+τ + ENt−τ ] cos[4(Nt − )]
1 + E2Nt − 2cENt cos(4Nt) ;
where c = −1 ( c = +1 ) holds for antiperiodic (periodic) boundary conditions in x4 and







M = m0 +
3∑
l=1
(1− cosl) ; K =
√√√√ 3∑
l=1
sin2 l; m0 > 0:
If we put all µ = 0, the Eqs. (2.6, 2.7) reproduce the results for the free fermion correlator
[12].
In practical computations the fermion eld  x is rescaled with a factor
1=(4 +m0)






3 Lorentz Gauge Fixing




(sin x,µ − sin x−µˆ,µ) = 0: (3.1)






cos x,µ = Max. (3.2)
with respect to (periodic) gauge transformations
x,µ −! αx,µ = x + x,µ − x+µˆ mod 2; x 2 (−; ]: (3.3)
In our simulations the maximization of the gauge functional (3.2) has been continued until
both the mean and the local maximal absolute values of the l.h.s. in eq.(3.1) became less than
some small given numbers (in our case, 10−6 and 10−5, respectively). In order to accelerate the
maximization one can apply overrelaxation optimized with respect to some parameter ! [13].
We call the algorithm standard Lorentz gauge fixing, if it consists only of local maximization
and overrelaxation steps. It is well-known that this procedure normally gets stuck into local
maxima of the gauge functional. The solutions corresponding to dierent local maxima are
called Gribov or gauge copies.
It is a common believe (see also [14]) that the Gribov problem has to be solved by searching
for the global maximum of the gauge functional (3.2) providing the best gauge copy (or copies,
in case of degeneracy). In [8] we have shown that in order to reach the global maximum we
have necessarily to remove both the DDS and the ZMM from the gauge elds.
DDS are identied as follows. The plaquette angle (2.1) can be decomposed [15] x,µν =
x,µν+2nx,µν , where the gauge invariant x,µν 2 (−; ] can be interpreted as physical (electro-
) magnetic flux and the discrete gauge dependent contribution 2nx,µν ; nx,µν = 0;1;2
represents a Dirac string passing through the given plaquette if nx,µν 6= 0 (the Dirac plaquette).
A set of Dirac plaquettes providing a world sheet of a Dirac string on the dual lattice is called
Dirac sheet. Double Dirac sheets (DDS) consist of two sheets with opposite flux orientation
which cover the whole lattice and close by the periodic boundary conditions. Thus, they can
easily be identied by counting the total number of Dirac plaquettes N
(µν)
DP for every plane
(; ). The necessary condition for the appearance of a DDS is that at least for one of the six







DDS can be removed by periodic gauge transformations. But { as it was demonstrated in [6]
{ the standard Lorentz gauge xing procedure usually does not succeed in doing this. DDS
occur quite independently of the lattice size and the chosen . As a consequence the numerical
result for the non-zero momentum transverse photon correlator signicantly diers from the
expected zero-mass perturbative propagator [8, 9, 10].








do not contribute to the gauge eld action (2.1) either. For gauge congurations representing
a small fluctuation around constant modes
x,µ = µ + x,µ;
∑
x
x,µ = 0; jx,µj  1;
it is easy to see, that the maximum of the functional (3.2) requires µ  0 . The latter
condition can be achieved by non-periodic gauge transformations
x,µ −!  cx,µ = cµ + x,µ mod 2; cµ 2 (−; ]: (3.6)
Therefore, we realize the gauge xing procedure as proposed in [8]. The successive Lorentz
gauge iteration steps are always followed by non-periodic gauge transformations suppressing
the ZMM. At the end we check, whether the gauge eld contains yet DDS. The latter can be
excluded simply by repeating the same algorithm starting again with a random gauge trans-
formation applied to the same gauge eld conguration. We call the combined procedure
zero-momentum Lorentz gauge (ZML gauge). It provides with 99:99% probability the global
maximum of the gauge functional. The photon propagator does perfectly agree with the ex-
pected perturbative result throughout the Coulomb phase.
4 Results
We consider qQED within the Coulomb phase at  values between 2 and 10 for  values
not too close to c . Monte Carlo simulations were carried out with a lter heat bath method.
In order to extract the pure ZMM eect, we rst apply the standard Lorentz gauge procedure
modied by initial random gauges in order to suppress DDS. Let us abbreviate the notation for
this modied Lorentz gauge procedure by LG. We compare the result with that for the ZML
gauge described above.
For both these gauges we have computed the averaged fermion correlator as dened in
Eqs. (2.3, 2.4) and normalized to unity at  = 1. For inverting the Wilson-fermion matrix we
employed the conjugate gradient method and point-like sources. In the upper part of Fig. 1 we
have plotted the vector part < ΓV (; ) >θ for  = 2,  = 0:122 and lattice size 12 63 .
The situation seen is typical for a wide range of parameter values within the Coulomb phase.
Obviously, there is a strong dependence of the fermion propagator on the gauge copies diering
by the dierent account of ZMM. If ZMM are present the propagator decays much stronger
than when they become suppressed.
The masses to be extracted seem to have dierent values. However, let us try to extract the
fermion mass as it is usually done with an eective mass meff () determined from the vector
part of the free fermion propagator (Eq. (2.7) with µ = 0 ). I.e. we put
hΓV ( + 1; )iθ
hΓV ( ; )iθ =
cosh [ln(meff () + 1)(Nt=2−  − 1)]
cosh [ln(meff () + 1)(Nt=2− )] : (4.1)
In the lower part of Fig. 1 the corresponding numerical results for the eective masses are
shown. In the standard LG case no real plateau is visible, whereas the ZML case provides a
very stable one. Thus, the ZML gauge yields a reliable mass estimate, whereas the standard
case fails. Naively, when only considering the LG method, one would be tempted to relate
a ’bad plateau’ to nite-size eects and to believe that the given LG eective mass result is
already near to the real mass. Such a point of view { met in the literature { obviously fails.
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Taking now the ZML mass estimate as the reliable one the LG estimate fails by a factor  3,
in our case.
One might ask, whether the troubles with the LG method disappear, when we increase
 and/or the lattice size. In order to answer this question, we rst check, how the ZMM-
distribution changes with  and with the lattice size. We have measured the distributions of the
moduli of the space- and time-like ZMM P (jsj) and P (j4j), respectively, for the LG case (with
DDS suppressed). In Fig. 2 the corresponding space-like ZMM distributions are drawn. The
distributions turn out always to be approximately step{like and bound by jµj  max  =Nµ




In order to estimate roughly the eect of the ZMM on the fermion propagator for varying
 and lattice size we consider the zero-momentum approximation as follows. According to
Eqs. (2.6, 2.7) we compute the fermion propagator only within the constant background modes
extracted from the quantum gauge elds in the LG case with the distribution P (µ) . Therefore,
we compute
hΓ( ;)iφ





where Γ stands for the scalar or vector part of the fermion correlator (2.6, 2.7). The fermion
mass m0 is related to  according to Eq. (2.8). The results of this calculation for the vector part
of the fermion propagator in the LG case are presented in Fig. 3 together with the corresponding
free (i.e. zero-background) propagator (dashed lines). One can see that the eect of the ZMM
does not weaken with increasing  and lattice size, respectively. Given the average hjµji as
in Eq.(4.2) one nds from Eqs.(2.6, 2.7, 4.3) that the ZMM eect does not disappear even in
the limit Nµ !1 .
Preliminary Monte Carlo computations of the fermion propagator within the full gauge eld
background conrm these observations.
We can take the approximation described above in order to check, how the corresponding
eective fermion mass would behave. This result is shown in Fig. 4. We clearly see, that for
the LG case providing the ZMM background eld congurations we do not nd a plateau (full
lines). The eective mass values strongly dier from the real ones, i.e. m0 of the free propagator
(dashed lines).
Finally, in Fig. 5 we present the fermion mass extracted from the vector fermion propagator
within the ZML gauge for  = 2:0 and various -values. We see a nice linear behaviour
from which by extrapolating to zero mass (solid line) we estimate the critical value c =
0:1307 0:0001.
5 Conclusions
We have studied the special eect of the zero-momentum modes of the gauge eld on the gauge
dependent fermion correlator.
We have convinced ourselves that the standard Lorentz gauge xing prescription to maxi-
mize the functional (3.2) provides gauge copies with ZMM (besides DDS). These modes disturb
the fermion correlator in comparison with perturbation theory and consequently spoil the (eec-
tive) mass estimate. A Lorentz gauge employing non-periodic gauge transformations in order
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to suppress the ZMM { additionally to DDS { (the ZML gauge) allows to reach the global
maximum of the Lorentz gauge functional. Furthermore, it provides a reliable fermion mass
determination, at least, if  is chosen not too close to the chiral critical line c(). A computa-
tion of the fermion propagator with constant background gauge elds taken from the ZMM of
the quantum elds demonstrates the disturbing eect of these modes very clearly. Moreover, it
shows the eect to be independent of the bare coupling and not to disappear for large volumes.
So far, we have studied the quenched approximation of U(1) lattice gauge theory. The gauge
action (2.1) is invariant under non-periodic gauge transformations (3.6). Thus, we are allowed
to use the ZML gauge for evaluating gauge dependent objects. Contrary to the gauge action,
the fermionic part (2.2) does depend on the ZMM because of the (anti-) periodic boundary con-
ditions. In this case another solution of dealing with the Gribov problem has to be searched for.
One way, nevertheless, could be considering standard LG and taking the constant background
modes properly into account in describing the perturbative nite-volume fermion propagator
and then identifying correspondingly the renormalized fermion mass (see [16]). This is under
consideration now.
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Figure 3: Free fermionic vector propagator (dashed line) and averaged constant-mode propa-
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Figure 4: Eective masses corresponding to the fermion propagator results shown in Fig. 3.
11












Figure 5: Fermion mass as a function of inverse  obtained within the ZML gauge for  = 2:0
on a 12 63 lattice. The solid line represents a linear t providing c() = 0:1307 0:0001 .
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